Abstract. We report new results on the Rayleigh-Taylor and Richtmyer-Meshkov instabilities. Highlights include calculations of Richtmyer-Meshkov instabilities in curved geometries without grid orientation e ects, improved agreement between computations and experiments in the case of Richtmyer-Meshkov instabilities at a plane interface, and a demonstration of an increase in the Rayleigh-Taylor mixing layer growth rate with increasing compressibility, along with a loss of universality of this growth rate. The principal computational tool used in obtaining these results was a code based on the front tracking method.
Introduction
The mixing behavior of two or more uids plays an important role in a number of physical processes and technological applications. We consider two basic types of mechanical (i.e., nondi usive) uid mixing. If a heavy uid is suspended above a lighter uid in the presence of a gravitational eld, small perturbations at the uid interface will grow. This process is known as the Rayleigh-Taylor instability. One can visualize this instability in terms of bubbles of the light uid rising into the heavy uid, and ngers (spikes) of the heavy uid falling into the light uid. A similar process, called the Richtmyer-Meshkov instability 13, 15] , occurs when an interface is accelerated by a shock wave. These instabilities have several common features. Indeed, Richtmyer's approach to understanding the shock induced instability was to view that process as resulting from an acceleration of the two uids by a strong gravitational eld acting for a short time.
We examine three separate aspects of the Rayleigh-Taylor and Richtmyer-Meshkov problems. Section 2 discusses direct numerical simulations of Richtmyer-Meshkov type problems using front tracking. Front tracking is an adaptive method which provides sharp resolution of distinct waves in uid ows. This is accomplished by the use of a dynamically moving co-dimension one grid that follows the tracked wave fronts. Our conclusion is that front tracking is a valuable numerical method due to its ability to remove numerical di usion, enhance the resolution of the computation, and reduce or eliminate grid orientation e ects. Section 3 describes an analysis of the short term growth in the unstable modes of a shocked interface using a linearization of the Euler equations.
We compare the solution of the linearized equations with an impulsive model of the mixing process due to Richtmyer, and with numerical solutions of the full Euler equations. We show that for su ciently small amplitudes of the perturbations in the uid interface, the linear theory agrees with the numerical solutions to the fully nonlinear system. We noticed that in many cases the results of the impulsive model disagreed with the exact solution to the linearized equations. We also report in section 4 on recent work that has examined the role of compressibility in the RayleighTaylor problem. It is shown that the mixing layer growth rate increases markedly with increasing compressibility and this e ect is accompanied by a loss of universality. This is the rst prediction of an important property of the Rayleigh-Taylor mixing layer outside of the range of existing experiments.
Front Tracking Simulations of Shock Induced Surface Instabilities
The front tracking method represents a surface of discontinuity in a uid ow as a sharp interface, thereby eliminating numerical di usion. This results in a substantial increase in computational resolution, and a corresponding increase in e ciency, which has been utilized to increase the detail and scope of computations attempted. Moreover, front tracking can be combined with modern shock capturing methods to provide a computational tool of great exibility for modeling ows dominated by shocks and uid interfaces. The shock capturing provides a robust alternative to tracking when the interacting waves produce con gurations that are too complicated to track, while tracking improves the ability of the shock capturing code to resolve secondary features of the ow. The general goal of our e ort is to achieve a good balance between the increased resolution of the tracked wave fronts and the robustness of the shock capturing methods.
An important aspect of our front tracking code in simulations of the Richtmyer-Meshkov instability is its ability to handle interactions between tracked waves. It can automatically detect the collision of two wave fronts, analyze the resulting interaction, and modify the tracked wave data structures accordingly. References 4, 6, 9, 11, 12] describe the basic algorithms and provide details on the construction of our front tracking code. Figure 1 shows a front tracking simulation of the acceleration of a perturbed circular interface by an expanding shock wave. The computation begins with a bubble of heavy uid suspended in a lighter uid. The two uids are initially at rest, and the bubble interface is given a slight sinusoidal perturbation of the form r = (r 0 + cos(n )), where (r; ) are the polar coordinates of a point on the bubble interface. Here r 0 = 0:8, = 0:05, and n = 12. Both uids are modeled using a polytropic equation of state with = 1:33, and the density ratio across the bubble is 5. An expanding shock with ahead Mach number 6:6 (pressure ratio 50) is installed at a distance 0:3 from the origin. The entire computation takes place within a square of side 6:0 using a 200 200 grid.
At about time 0:19 the expanding shock reaches the bubble interface and is refracted into an inwardly directed rarefaction wave, and an outwardly directed transmitted shock. Note that we track both edges of the re ected rarefaction. Figure 1b shows the tracked wave con guration shortly after the expanding shock has passed through the bubble interface. By this point the average radius of the bubble interface is approximately twice its initial value and the ripples on the interface have experienced a phase inversion. Such an inversion is typical for interactions that produce re ected rarefactions. Figure 1c shows the simulation just before the leading edge of the re ected rarefaction reaches the origin. The re ection of the rarefaction wave at the origin produces additional outwardly directed waves. These new waves are not tracked in our simulation, but are still reasonably well resolved by the shock capturing method. Figure 1d shows the later time development of the bubble interface. Here the spikes of the heavy uid being ejected into the lighter uid outside have become quite elongated. We also see that the heads of the ngers are starting to pinch o . The velocity shear across the sides of the ngers is substantial, which explains the production of the Kelvin-Helmholtz type roll up on the sides of the ngers. This computation illustrates several important points. First is the ability of front tracking to reduce grid orientation e ects on the uid interface. Since the underlying rectangular grid is square, the e ective grid size in directions diagonal to the grid is p 2 times coarser than in directions parallel to the grid. Unless the grid is quite ne, this can produce a substantial degradation in the resolution of waves in these directions. This e ect was cited, for example, in 1, 5] to explain the relatively faster growth of ngers aligned with the coordinate axes as compared to ngers oriented at oblique angles to the grid. We emphasize that there is very little indication of grid orientation e ect in our computation. Since the initial data is periodic in with period =6, each of the three spikes in gure 1 should be identical. In our simulation we see that there is only about a 2.5% di erence in the elongation of the spikes at the latest time shown.
We also comment that the asymmetry in the Kelvin-Helmholtz roll up on the sides of the outer spikes appears to be due to an additional arti cial mode that has been produced by the interaction of the tracked wave with the boundary. For e ciency we conducted these simulations using a quarter circular geometry with the axes of symmetry along the positive x and y axes replaced by re ecting boundaries. As implemented, this results in a slight loss of information at the boundaries, and can lead to the development of additional modes in such highly unstable problems as this one. We are currently investigating improved algorithms for the propagation of curves at re ecting walls which we hope will eliminate this extra mode. Finally we observe that the expanding nature of the outgoing shock wave has an e ect on the uid interface quite similar to that of a gravitational acceleration which enhances the unstable behavior of the interface.
Figures 2 show a simulation of the acceleration of a thermal boundary layer by an expanding shock wave. Such a layer might, for example, be produced by radiant energy from the explosion that initiates the shock wave. This computation illustrate two important points. The rst is the ability of the front tracking code to handle complex interactions between the tracked waves. The second is that a sharp resolution of these features is absolutely essential for obtaining the correct answer to the questions of interest here.
The layer is modeled as a region of warm gas bounded by the wall and a contact discontinuity. A circular, expanding shock wave is initiated at a distance from the wall of three times the width of the thermal layer, and an initial radius of half the thermal layer width. The uid outside the shock is at rest, and the density ratio between the gas inside and outside the thermal layer is 0:5. An adiabatic exponent of = 1:4 is used for the equation of state. The pressure ratio across the shock is initially 10 5 , which gives an initial shock Mach number of 92.5. The collision between the shock and thermal layer produces a number of interesting wave interactions and bifurcations that are all installed and handled automatically by our code.
When the incident shock hits the thermal layer, it produces a pair of connected shock refractions with re ected rarefactions. As the blast continues to expand, there is eventually a bifurcation in the structure of the two dimensional wave pattern created by the refraction of the blast wave through the thermal layer boundary. When this happens, the transmitted wave outruns the incident wave producing a precursor type con guration as described in 10]. In modeling this bifurcation we track the precursor shock and the original incident shock but not the re ected rarefactions. This explains the absence of the two middle wave edges between gures 2a and 2b, which only show the tracked waves in the simulation. This rarefaction is still present in the computation as a captured wave. Figure 2c shows a detail from gure 2b of the re ection of the tracked waves near the wall. The expanding nature of these waves leads to an eventual bifurcation from a regular to a Mach type re ection that has been installed for the outermost pair of re ections in gure 2c. The thermal layer acts like a channel for the waves inside it leading to a series of multiple re ections. All of this complicated structure is resolved within a zone of only about 20 10 grid blocks. Eventually the dominant characteristics of the ow shift from wave interactions to chaotic mixing, and at some point we cease tracking all of the waves except the thermal boundary interface. Figure 2d shows the interface at late time.
The Richtmyer-Meshkov instability in Plane Geometry
The extremely complex nature of the Richtmyer-Meshkov instability makes it essential to investigate simpli ed uid con gurations that can be used to interpret experiments and to validate numerical computations. We analyze here the case where a plane uid interface at rest is accelerated by the passage of a single plane shock wave through the interface.
If we represent the interface position at time t by y(x) = a(t) cos kx, a formula for the amplitude growth rate, _ a(t), was conjectured by Richtmyer 15 where u is the average velocity of the contact surface after the interaction, + and ? are the post-shocked densities on the two sides of the contact, and a(0+) is the perturbation amplitude immediately after the shock-contact interaction. Formula (3.1), called the impulsive model, is based on the assumption that the main e ect of the shock wave passing through the interface is to compress the uids on either side of the interface and to give the uid near the interface a push. It is also assumed that once the shock has passed through the interface the uids are incompressible. Richtmyer veri ed his conjecture using a linearization of the Euler equations, and he demonstrated agreement between the impulsive model and the solution of the linearized equations for a small parameter range corresponding to the case of a re ected shock.
As a rst step in our program we solved the linear equations numerically for a much broader range of parameters, including both the case of re ected shocks and rarefactions. Illustrative results are given in table 1. Our units are chosen such that U is = a = k = 1, where U is is the speed of incident shock, a is the density of the state ahead of the incident shock, and k is the perturbation wave vector. We can also set a(0?) to one since in the linear theory the growth rate, _ a(t), is proportional to this pre-shocked perturbation amplitude. The solution of the linearized equations is completely determined by four dimensionless parameters: the adiabatic exponents 1 and 2 , the pre-shocked desity ratio 1 = 2 , and the incident shock strength (p b ? p a )=p b . The subscripts 1 and 2 refer quantities on the incident and transmitted side of the uid interface respectively, and a and b refer to the ahead and behind sides of the incident shock. For the re ected shock case we see points of agreement as well as disagreement between the impulsive model and the linear theory. The re ected rarefaction case showed substantial disagreement between the two theories. Re ected Shock Table 1b Re ected Rarefaction We have also compared the results of the linear theory to those obtained by simulation of the full Euler equations. This serves both to determine the range of validity of the linear theory and to validate the solution of the full Euler equations at small amplitudes. Figures 3 and 4 show a comparison of the linear theory and the full Euler equations. In this problem the interface is accelerated by a shock moving from air to SF 6 . The parameters were chosen to agree with those occurring in the experiments reported by Benjamin 2] . The density ratio of SF 6 to air at standard conditions is 5.1, and the adiabatic exponents were taken as air = 1:4 and SF6 = 1:0394. The initial amplitude, a(0?), was 0.0637 times the period of the sinusoidal perturbation. Figure 3 shows a plot of the normalized amplitude of the uid interface, a(t)=a(0?), after its acceleration by a shock with ahead Mach number M 0 = 1:24. Figure 4 shows the value of _ a(t)=a(0?) for the same simulation together with the value calculated from the Benjamin's experiments 2]. The horizontal time axis in these gures is normalized so that t = 0 corresponds to the time at which the shock wave has completed its refraction through the interface.
Referring to the gures we emphasize the following points. First, for su ciently small amplitudes the simulations of the linear theory and the full Euler equations agree. Second, the growth rate as determined by the solution of the full Euler equations is in substantial agreement with the experimentally measured growth rate. Third, the growth rate as predicted by the linear theory, which agrees with the impulsive model in this case, disagrees with experiment by a factor of approximately two.
In these gure we also compare front tracking calculations where all curves were tracked (incident, re ected and transmitted shock waves and material interface) and where only the material interface is tracked. We note that while the two nonlinear computations agree for much of the simulation they begin to diverge at late times.
In ongoing work we are investigating the case of re ected rarefactions, the e ects of mass di usion on the mixing rates, and exploring the interaction over a wide range of ow parameters. columns of table 2 report respectively, the compressibility M 2 of the initial con guration, the grid sizes used for the simulation, the minimum and maximum of the fourier modes used to generate the initial random interface, the number of fourier modes (k max ? k min + 1), and the number N of samples. In each sample, the amplitudes of the fourier modes were selected from independent Gaussian random variables.
The data reported in table 2a clearly indicate an increase in for larger values of M 2 . We also note that for M 2 = 0:5, is also dependent on the number of modes on the initial random surface.
We also compared the predicted values of as computed from the renormalization group xed point model with the numerical computations. These results are summarized in table 2b. We observe a dependence of on M 2 , and note that the RG xed point model begins to fail for larger values of M 2 .
Conclusion
This article summarizes recent work by members of our group on the modeling and analysis of unstable uid interfaces. Our experience is that front tracking is an e ective tool for the computation of these ows in two dimensions and allows us to achieve good resolution of complex ows even on relatively coarse grids.
To summarize, our principal conclusions are: front tracking substantially reduces grid orientation e ects for computations in curved geometries, the solution of the linearized Euler equations agrees with numerical solutions of the full Euler equations for the Richtmyer-Meshkov problem at suciently small amplitudes, our front tracking simulation of the Richtmyer-Meshkov problem agrees with the experimental results of Benjamin, and the rate of growth of a Rayleigh-Taylor mixing layer increases with increasing compressibility. Table 2b A comparsion of to RG Theory 
